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1. INTRODUCTION 
This work deals with the control of a three-link planar manipulator. It is assumed here that the 
motion of all parts of the manipulator is confined to a vertical (X, Z)-plane. Let rEF denote 
the location of the manipulator's end-effector. It is further assumed here the the motion of the 
manipulator is driven by three motors. The first one is located at the lower end of the first link, 
the second one is located at the joint between the first and second links, and the third one is 
located at the joint between the second and third link (see Figure 1). Given two points A and B 
in the (X, Z)-plane, A ~ B, and such that rEF(0)  : A. In addition, let t I > 0 and vo > 0 be 
given numbers. Denote by VEF the velocity of the end-effector. The problem considered in this 
work is as follows. Find control laws for the torques applied on the links 1 such that we have the 
following. 
(i) rEF(ti) will be'in a small neighbourhood of B. 
(ii) During the time interval [0, t/], the system's motion will be subjected to the following 
constraints: 
Iv F(t)- vgl <: e <<: 1, for all t C [0, ts] , (1) (a) 
and 
(b) the angle between each of two adjoined links has to be bounded from above and below 
by some prescribed bounds. 
For more details, see Section 2. 
1These torques are generated by the motors. However, the inclusion of the motors' dynamics in the dynamical 
model of the system and the computation of the corresponding control aws for the inputs to the motors will be 
dealt with elsewhere. Here, only the contribution of the motors' masses to the dynamical model of the system is 
considered. 
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Figure 1. The three-link planar manipulator. 
In addition, the case where the constraint given by (1) is replaced by a stricter one, that is, 
v~(t )  = ~,, for all t e [O, tl] (2) 
is discussed here. 
The constraints given by (1) or (2) might appear in cases where the manipulator is used for 
painting or welding jobs. In such cases, one might require that the end-effector would track a 
given trajectory in the (X, Z)-plane. However, for the sake of simplicity, such a requirement is
not imposed here. 
2. DYNAMICAL  MODEL 
In this work, we consider the control of the motion of a three-link planar manipulator. Let 
I, J, and K be unit vectors along an inertial (X, Y, Z)-coordinate system. Denote by ik, 
ik ---- cos0kI + sin OkK, (3) 
a unit vector Mong the kth-link, k -- 1, 2, 3 (see Figure 1), and let 
jk = - - s in0k I+cos0kK (4) 
be a unit vector perpendicular to ik,  k ~- 1, 2, 3, respectively. Note that 
dlk dOk . 
-~  = -~- jk ,  k = 1, 2, 3. (5) 
The motion of the manipulator is driven by three motors. The first motor is located at the origin 
(see Figure 1), the second motor is located at the point r l ,  rl = 11il, and the third motor is 
located at r2, r 2 ---- l l i l  + 12J2. 
Here lk denotes the length of link k, k = 1, 2, 3. Also, rck  , the location of the center of mass 
of link k, k -- 1, 2, 3, is given by re1 -- l c l i l ,  re2  = 11il + lc2i2,  and re3 -- 11il +/2i2-}-/c3i3, 0 ( 
Ick < lk, k = 1, 2, 3. In addition, the location of the end-effector is given by rEF  : l l i l  +12i2 ~-/313. 
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Denote by mk the mass of link k and by turk, the mass of motor k, k = 1, 2, 3, respectively. 
Thus, using these notations, the Lagrangian function for the motion of the manipulator is given 
by 
1 (d01~ 2 1 A (d02~ 2 1Aa3(d03~2 dOld02 ,~ 
£=~Al lk , -~- ]  +2 22 \dt ]  + + -01) \ dt ] A12-~--~-cosLv2 
F-- dO1 dO3 ,,~ . dO2 dO3 COS(03 __ 82 ) (6) -~13--~---~- cost~3 - 01) + A23 -~- - -~-  
- [Volgsin01 + Vo2gsin02 + Voagsin03], 
where 
All = roll21 q- I1 + (m2 + mR2 -b m3 + mR3) l2, 
A22 ----- m2l~2 q- I2 + (m3 + mR3) l2, 
A12 = m2111c2 + (m3 + mR3) 1112, 
A23 = m3121c3, 
V02 = m2/c2 + (m3 + mR3) 12, 
A33 = m3l~3 + I3, 
Az3 = rn3lllc3, 
VOl = rnllcl +(m2 + mR2 + m3 + mR3) 11, 
VO3 = m31c3. 
In the expressions above, Ik denotes the moment of inertia of link k about a vector in the direction 
of J located at rck, k = 1, 2, 3, respectively. Denote 
T 
q=(01,02,03)  , 
(dO1 dO2 do3 ~ T 
P=\dt '  dr' dt ] 
Using the expression for rEF  and (5), the velocity of the end-effector VEF is given by 
3 ( dOk ~ 2 d_~t d02 
V2F = ~l  2 k---~- / -~-211/2 "-~COS(0 2 --01) 
k=l 
d01 d03 cos (83 81) + d02 d03 82) +2/1/3-~---~" -- 2/2/3-~- "~ COS (83 -- . 
In this work, the motion of the system is subjected to the following constraints: 
(7) 
0min < 02(/:) -- 01(t) "~ 0max, 0min "(03(t) -- 02($) < 0max, (s) 
for all t • [0, tf], where 0mi n > 0, and 0ma x > 0 are given numbers, and 
Iv F(t)- v ,l < t • [o, tf], (9) 
where vo > 0 and 0 < e << 1 are given numbers. 
In this case, (q(t), p(t)), t • [0, tf], belong to an open domain in ~6. Thus, the equations of 
motion of the manipulator are determined by the Lagrange equations [1] 
-~ Oqj - Tj, j = 1,2, 3, (10) 
where Tj is the torque applied by motor j on link j, j = 1, 2, 3, respectively. 
However, in the case where the constraint given by (9) is replaced by a stricter form, that is, 
V~F(t ) = V 2, for all t E [0, t/], (11) 
then the equations of motion of the manipulator are given by 
+ - - - -  dA(t) Of 
dt Opj 
- -  T j ,  j = 1, 2, 3, (12) 
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where f(q(t) ,  p(t)) = V~F(t ) -- v~, and A(t) is a Lagrange multiplier. See the Appendix for the 
derivation of equations (12). Here, the expressions 
dA(t) Of 
dt Opj ' 
j = 1, 2, 3, (13) 
represent the generalized constraint forces due to the constraint f(q(t) ,  p(t)) = V~v (t) -v(~ = 0, 
for all t ~ [0, t f]. 
From the mathematical point of view (see the Appendix), one is tempted to solve the problem 
where the constraint is given by (11). However, first constraint (11) limits the reachability set 
of the system in a manner not known to us, and second, fi'om the implementation point of view, 
there will always be an inherent error in the value of vEv(0). Thus, in this work, the control 
problem will be solved using the constraint given by (9). 
Thus, using the Lagrangian function (6) and the Lagrange quations (10), we obtain 
d2q 
M(q) -~ + h(q,p)  = r ,  (14) 
where r = (rl, r2 ,  "/-3) T , 
roll = All, m12 = A12 cos (02 - 01) ,  m13 = A13 cos (03 - 01), (15) 
m21 = m12, m22 = A22, rn2a = A2a cos (0a - 02), (16) 
m31 = m13, m32 = m23, m33 = A33, (17) 
(d02) 2 (d03) 2 
h1=-A12\dt  ] sin (02-01) -A13\dt  ] sin (03 - 01) + Volg cos 01, (18) 
(d01~ 2 (d03~ 2 
h2 = At2 \ dt ] sin(02 - 01) - A23 k, dt ] sin (03 - 02) + Vo29cos02, (19) 
( d01~2 (dO2~2sin(03-02)+ Vo3gcos03. (20) h3 = A13 \ dt ] sin (03 - 01) + A23 \ dt ] 
It can be shown, for a proper set of parameters, that detM(q)  > 0, for all Ok, k = 1,2,3. 
Equations (14)-(20) constitute the dynamical model for the system dealt with here. 
3. INVERSE DYNAMICS CONTROL 
In this section, a procedure is described for the derivation of control laws for the torques wk, 
k = 1,2, 3 such that the motion of the manipulator will satisfy the following specifications: 
[XD -- XEF(tf)[ < ~EF, [ZD -- ZEF(tI)[ < eEF, (21) 
0rain < 02(/:) -- 01($) < 0max, 0rain < 03($) -- 02(t) < 0max, (22) 
for all t E [0, tl], and 
IV~F(t) - vS[ < e, for all t E [0, tfl, (23) 
where rEF = XEFI + ZEFK; rB represents the location of the point B, rB = XDI + zDK, and 
eEF is a given positive number. Thus, the proposed procedure is as follows. 
First, by introducing the following control aw: 
r = M(q)v  + h(q, p), (24) 
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where v = (Vl, V2, V3) T, then, for cases for which det M(q) ¢ 0, for all q, equations (14) and (24) 
imply 
d201 d202 d203 
dt 2 - vl, dt 2 - v2, dt 2 - va. (25) 
The control law given by (24) is called the inverse dynamics control (see, for example, [2]). 
Second, equations (25) are solved by choosing the auxiliary control functions vl, v2, and v3 
such that the conditions given by (21)-(23) will be satisfied. This control problem will here be 
called the auxiliary control problem. 
Hence, once vk, k = 1, 2, 3 are computed, by solving the auxiliary control problem, then the 
required torques Tk, k = 1, 2, 3 are computed by using (24). 
The auxiliary control functions will be computed here by using the method of feasible command 
functions, see, for example, [3]. 
4. THE AUXIL IARY  CONTROL PROBLEM 
As mentioned above, this work deals with the motion of the system only during the time 
interval [0, tf], where t f  > 0 is a given number. Let r0 = 0 < T1 < T2 < ""  < TN-1 = tf be a 
partition of [0, tf] such that T~+I -- 7-/ = Ac, i = 0 , . . . ,  N - 2. 
In this work, the following class of auxiliary control functions v = (vl,v2, v3) T is dealt with. 
Consider the class of all functions v = (Vl, v2, v3) -c : [0, t f] --* N3 such that 
and 
vl(t) = Ai(t)ci + Bi(t)ci+l, 
v2(t) = Ai(t)cN+i + Bi(t)cN+i+l, 
va(t) = Ai(t)c2N+i + Bi(t)C2N+i+l, 
t E [ri,Ti+l], i = 0 , . . . ,N -  2, (26) 
t E [ri,ri+l], i = 0 , . . . ,N -  2, (27) 
t c [7i,vi+l], i = 0 , . . . ,N -  2, (28) 
where 
Ai(t)  - T~+I -- t Bi(t)  -- t - 7i 
Ac ' Ac 
Define the following functions: 
i = O, . . . ,N -  2. (29) 
G(z, e) = [max(z - e, 0) + min(z + e, 0)] 2, 
G (z, el, e2) = [min (z - el, 0) + max (z - e2, 0)] 2 , 
e > o, (30) 
0 "( e l  < e2, (31) 
and 
J (e) = G (XD -- XEF ( t I ) ,  eEF) + G (ZD -- ZEF (t f ) ,  £EF) 
fO t f 
+ [G(O2(t)-Ol(t),Omin, Om~×)+G(Oa(t)-O2(t),Omin,Om~×)] dt (32) 
+ f0 ts a(v~F(t) - vg, e) dt. 
The function J(e) is a sum of penalty functions, incorporating the state constraints and the 
required goals. An element c° = (c~,. . . ,  C~N_l) E N aN, for which J (c  °) = 0 will here be called 
a feasible command vector, and the control vector v ° induced by e ° via (26)-(28) will here be 
called a feasible command strategy. Thus, once a feasible command strategy v°(t) is applied on 
equation (25), then all the specifications and goals of the auxiliary control problem posed in the 
last section are satisfied. Then using (24), we obtain r ° = M(q)v  ° + h(q, p). Thus, r° ( t )  is the 
vector of the required torques. 
The computation of e ° was conducted by solving an unconstrained minimization problem 
on N3N. This was done by using a gradient method described in [4]. However, any other gradient 
method or search method may be applied. At each stage during the minimization process, the 
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function J(c) was computed by solving equations (25) on [0, t f]. Equations (25) (after writing 
equations (25) as a set of first-order ODEs) were solved by using a fourth-order Runge-Kutta 
method with a time step At. 
The question of the existence of solutions to J(c) -- 0 in ~3N is out of the scope of this work. 
The mapping from c to J(c) is too complicated for guaranteeing the existence of c °. 
4.1. Example  
In the example solved here, the following set of parameters has been used: 
Ik = 1.0meter, Ick ----0.5meter, k = 1,2,3, 
ml = 10 Kgm, m2 = 8 Kgm, m3 = 6 Kgm, 
mR1 = mR2 = 2 Kgm, mR3 = 1.5 Kgm, 
1270 Y. YAVIN 
1.5 
1 
0.5 
0 
-0.5 
-1.5 
I I I J I I I I 
0.5 1 1.5 2 2.5 3 3.5 4 4.5 
Figure 7. v3(t), t E [0, t/]. 
I 1 I I 
T 
200 
I 
150 
lOO 
-50 
~ J  
I I i 
0.5 1 1.5 
I i I i I 2 2 5 3 3.5 4 4.5 
Figure 8. T1 (t), t E [0, ti]. 
It can be shown, by calculating the values of detM(q) ,  that  for the above-mentioned values of 
parameters, 
det M(q)  > 87.111, for all - ~ < Ok -< ~, k = 1, 2, 3. 
The rest of the parameters are given below: 
4.5 
t I = 4.5 sec, At -- 1800' N = 10, 
7r 7r 
Ac = 0.5  sec, ~min ~- ~,  ~max ~--- 7~,  
vo  = 1.0 meter/sec, £EF = 0.0048 meter, XD ---- -- 1.94 meter, 
ZD=l .94meter ,  0 l (0 )=0.0rad ,  02(0) -  (2 )  Trrad, 
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The values of ~k(0)., k = 1,2,3 were chosen such that IIVEF(O)[I = 0.99792256meter/sec. 
Let ~o = Ivo - HVEF(0) I I I  ----- 2.07744. 10-3meter /sec .  Then c was chosen here to be e = 
(vo + ]IVEF(0)II)" (eo + 2.10-9). This example has been solved here by applying the procedure 
described above until the value of J(c) reached the value of zero in double precision. Thus, the 
goal given by (21) and the constraints given by (22) were all satisfied. Furthermore, 
Ivo -IIvEF(t)ll I < ~, Vt  e [O, ts],  
as can be seen from Figure 2. Some of the results obtained are shown here in Figures 2-10. 
APPENDIX  
THE CASE V2EF(t)= v~9 
This Append ix  deals with the influence of a set of nonl inear k inematic constraints on the 
dynamica l  model l ing of mechanical  systems. 
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Let q = (ql,q2,.. . ,qn) m be a vector of generalized coordinates describing the motion of a 
dynamical system and denote 
( dq_l dq2 dqn ~ m 
P= \d t '  d t " " '  dt ] =(P l 'P~' " "Pn)  T. 
Nonholonomic constraints encountered in mechanics can usually be expressed in the following 
form: 
~ai j (q ; t )p j  + b~(q;t) = 0, i = 1 , . . . ,m,  (33) 
j=l 
see, for example, [1,5-7]. By inspecting the expression for v 2 equation (7), it follows that the EF, 
constraint given by V~F(t ) = v~, for all t E [0, ti] belongs to a class of mechanical systems whose 
motion is subjected to kinematic onstraints given by 
f i (ql , . . .  ,q,~,Pl,... ,P,~) = 0, i = 1,.. .  ,m, (34) 
m < n, where fi(q, P), i = 1,. . .  ,m are given smooth functions on !l~ 2n. This Appendix deals 
with the derivation of the Lagrange quations for mechanical (or other) systems ubjected to 
Constrains of the form given by (34). 
Let A(q, p) E !1¢ m×n denote the matrix whose components are given by 
0yi 
Aij = , i = 1 , . . . ,m,  j = 1 , . . . ,n ,  (35) 
Opj 
and assume that rankA(q,p)  = m. It is further assumed here that detAm(q,p)  ~ 0, where 
(Am)~j -- Op~' i, j = 1, .. . , m. These assumptions are needed for the derivation of the Lagrange 
equations (see [8]). Let T(q, p) denote the kinetic energy and let VT(q, t) denote the potential 
energy of the system. It is assumed here that 
VT(q(t), t) = Y(q(t)) - qT(t)Eu(t), (36) 
where V(q) is the potential energy due to the conservative forces, u(t) E ~P, p ~ n, E E Y~'~×P, 
rankE = p, and -qT(t)Eu(t)  is the "potential energy" due to the applied control force u(t). 
Denote £o = T - VT, £ = T - V and define the following function: 
m 
£T = £o + E Ai(t)f,(q, p). (37) 
i=1  
Thus, by using the calculus of variations and following the same procedure as in Chapter IV of [8] 
or Chapter of 4 of [9], the following set of Lagrange quations is obtained: 
h (t)  Tk0pt]-Tq J 
(38) m +Z dh,(t) 0S, 
i=1 dt Opj' j=  l , . . . ,n ,  
which have to be solved together with 
fi (q l , . - . ,qn,P l , . . . ,Pn)  = 0, i ----- 1 , . . . ,m.  (39) 
Hence, equations (38) and (39) constitute n + m equations for the solution of qt (t), j = 1, . . . ,  n 
and hi(t), i = 1,.. .  ,m. Note that Q~, 
QJ = - i=1  hi(t) ~ \OPt /  -- OqjJ ~=1 dt Op t '  j = 1, . . . ,n ,  (40) 
are the (generalized) constraint forces. 
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